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| ABSTRACT 

This paper presents the derivation and implementation of a second-derivative hybrid block method with stability parameters for 
the direct solution of second order initial value problems in ordinary differential equations. The method is developed using 
interpolation and collocation techniques to obtain continuous formulation, which is evaluated at selected grid and off-grid 
points to generate the discrete block scheme.  
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Abstract:- 
This paper presents the derivation and implementation of a second-derivative hybrid block method with stability parameters for 
the direct solution of second order initial value problems in ordinary differential equations. The method is developed using 
interpolation and collocation techniques to obtain continuous formulation, which is evaluated at selected grid and off-grid 
points to generate the discrete block scheme. The convergence and stability properties of the method are investigated, and the 
results show that the method possesses A(α)-stability, A-stability, and additional regions of absolute stability for different 
values of the stability parameters. The method is applied to some selected initial value problems, and the results overlap with 
the exact solution, as illustrated in Figures.4, and.5 respectively. These results demonstrate the accuracy and efficiency of the 
proposed method when applied to both linear and nonlinear problems. 
 

Introduction:- 
This paper considers Initial Value Problems (IVPs) in Ordinary Differential Equations (ODEs) of the form: 

y′′ = f(x, y, y′);  y′(x଴) = y଴
′ , y(x଴) = y଴x ∈ [x଴, x୬]    (1.1) 

 Equation (1.1) is called second order initial value problem in ordinary differential equation. Finding the direct numerical 
solution to equation of this form is an interesting area for researchers in literature.Traditionally equation (1.1) together with its 
associated conditions can be solved by reducing it to its first order equivalent (Dahlquist 1956). The reduced form is then 
solved using any appropriate numerical method.  (Awoyemi 1999), this approach does not fully utilize all the information 
connected with certain ordinary differential equations, such as oscillatory nature of solution. (Jain 2012) and (Sair 
2014)reported that this approach enlarges the size of equations and also causes computational burden in writing computer 
programmes which may jeopardize the performance of the method in terms of time and error. Hence (Areo and Adeniyi 2014), 
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(Okuonghae and Ikhile  2014),  (Bolaji 2017),(Adeyeyeand Omar 2017), (Adeyefa & Olagunju 2021), (Kamarun et al 2023), 
(Taiwo, et al 2023), (Abdulazeez 2024),(Workineh 2024), (Tadema 2024)etc. worked on different methods that solved 
equation (1.1)but considered fixed stability parameters. However, this article considers the derivation of hybrid block method 
with variational stability parameters which will help in improving the stability of the method. 
 
Derivation of The Method:- 
Consider the polynomial function as:- 
 

𝑝(𝑥) =  ෍ 𝑎௝𝑥௝

௡

௝ୀ଴

                                                                                                                                               (2.1) 

 
and use it to deduce an approximate solution to (1.1) as:  

𝑦(𝑥) ≅ 𝑝(𝑥) =  ෍ 𝑎௝𝑥௝

௤ା௧ିଵ

௝ୀ଴

                                                                                                                              (2.2)  

 
where 𝒂𝒋, 𝒋 = 𝟎, 𝟏, … are unknown parameters to be determined,  𝒏 = 𝒒 + 𝒕 − 𝟏, 𝒒 𝒂𝒏𝒅 𝒕  are the points of 
interpolation and collocation, respectively.  Then, the second derivative of (2.2): 

𝑦′′(𝑥)  = 𝑓(𝑥, 𝑦, 𝑦′) = ෍ 𝑗(𝑗 − 1)𝑎௝𝑥௡ା௜
௝ିଶ

௤ା௧ିଵ

௝ୀଵ

𝑖 = ൬0,
1

2
, 1,

3

2
, 2,

5

2
, 3൰  (2.3)  

 
 

𝑦௡ା௜ =  ෍ 𝑎௝𝑥௡ା௜
௝

௤ା௧ିଵ

௝ୀ଴

𝑖 = (0,
1

2
)                                                                                                                      (2.4)     

 

𝑓௡ା௜ = ෍ 𝑗𝑎௝𝑥௡ା௜
௝ିଵ

௤ା௧ିଵ

௝ୀଵ

𝑖 = (0,
1

2
, 1,

3

2
, 2,

5

2
, 3)                                                                                              (2.5)     

The interpolation of equation (2.4) at the point 𝑥 = 𝑥௡ , 𝑥
௡ା

భ

మ

 and collocation of equation (2.5) at 𝑥 = (0,
ଵ

ଶ
, 1,

ଷ

ଶ
, 2,

ହ

ଶ
, 3) for 

𝑞 = 2 𝑎𝑛𝑑 𝑡 = 7  i.e. 
 
 
 
will give a system of equations: 

𝑎଴ + 𝑎ଵ𝑥௡ + 𝑎ଶ𝑥௡
ଶ + 𝑎ଷ𝑥௡

ଷ + 𝑎ସ𝑥௡
ସ + 𝑎ହ𝑥௡

ହ + 𝑎଺𝑥௡
଺ + 𝑎଻𝑥௡

଻ + 𝑎଼𝑥௡
଼        =  𝑦௡ 

 
 
 
 
 
 
 

𝑎଴ +
ℎ𝑎ଵ

2
+
ℎଶ𝑎ଶ

4
+
ℎଷ𝑎ଷ

8
+
ℎସ𝑎ସ

16
+
ℎହ𝑎ହ

32
+
ℎ଺𝑎଺

64
+
ℎ଻𝑎଻

128
+
ℎ଼𝑎଼

256
+ 𝑎ଵ𝑥௡ + ℎ𝑎ଶ𝑥௡ +

3

4
ℎଶ𝑎ଷ𝑥௡ +

1

2
ℎଷ𝑎ସ𝑥௡ +

5

16
ℎସ𝑎ହ𝑥௡

+
3

16
ℎହ𝑎଺𝑥௡ +

7

64
ℎ଺𝑎଻𝑥௡ +

1

16
ℎ଻𝑎଼𝑥௡ + 𝑎ଶ𝑥௡

ଶ +
3

2
ℎ𝑎ଷ𝑥௡

ଶ +
3

2
ℎଶ𝑎ସ𝑥௡

ଶ +
5

4
ℎଷ𝑎ହ𝑥௡

ଶ +
15

16
ℎସ𝑎଺𝑥௡

ଶ

+
21

32
ℎହ𝑎଻𝑥௡

ଶ +
7

16
ℎ଺𝑎଼𝑥௡

ଶ + 𝑎ଷ𝑥௡
ଷ + 2ℎ𝑎ସ𝑥௡

ଷ +
5

2
ℎଶ𝑎ହ𝑥௡

ଷ +
5

2
ℎଷ𝑎଺𝑥௡

ଷ +
35

16
ℎସ𝑎଻𝑥௡

ଷ +
7

4
ℎହ𝑎଼𝑥௡

ଷ + 𝑎ସ𝑥௡
ସ

+
5

2
ℎ𝑎ହ𝑥௡

ସ +
15

4
ℎଶ𝑎଺𝑥௡

ସ +
35

8
ℎଷ𝑎଻𝑥௡

ସ +
35

8
ℎସ𝑎଼𝑥௡

ସ + 𝑎ହ𝑥௡
ହ + 3ℎ𝑎଺𝑥௡

ହ +
21

4
ℎଶ𝑎଻𝑥௡

ହ + 7ℎଷ𝑎଼𝑥௡
ହ + 𝑎଺𝑥௡

଺

+
7

2
ℎ𝑎଻𝑥௡

଺ + 7ℎଶ𝑎଼𝑥௡
଺ + 𝑎଻𝑥௡

଻ + 4ℎ𝑎଼𝑥௡
଻ + 𝑎଼𝑥௡

଼     =   𝑦
௡ା

భ

మ

 

 
2𝑎ଶ + 6𝑎ଷ𝑥௡ + 12𝑎ସ𝑥௡

ଶ + 20𝑎ହ𝑥௡
ଷ + 30𝑎଺𝑥௡

ସ + 42𝑎଻𝑥௡
ହ + 56𝑎଼𝑥௡

଺            =     𝑓௡ 

 
C C C C C C C 

𝑥௡ 𝑥
௡ା

భ

మ

 𝑥௡ାଵ 𝑥
௡ା

య

మ

 𝑥௡ାଶ 𝑥
௡ା

ఱ

మ

 𝑥௡ାଷ 
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2𝑎ଶ + 3ℎ𝑎ଷ + 3ℎଶ𝑎ସ +
5ℎଷ𝑎ହ

2
+

15ℎସ𝑎଺

8
+

21ℎହ𝑎଻

16
+

7ℎ଺𝑎଼

8
+ 6𝑎ଷ𝑥௡ + 12ℎ𝑎ସ𝑥௡ + 15ℎଶ𝑎ହ𝑥௡ + 15ℎଷ𝑎଺𝑥௡ +

105

8
ℎସ𝑎଻𝑥௡

+
21

2
ℎହ𝑎଼𝑥௡ + 12𝑎ସ𝑥௡

ଶ + 30ℎ𝑎ହ𝑥௡
ଶ + 45ℎଶ𝑎଺𝑥௡

ଶ +
105

2
ℎଷ𝑎଻𝑥௡

ଶ +
105

2
ℎସ𝑎଼𝑥௡

ଶ + 20𝑎ହ𝑥௡
ଷ + 60ℎ𝑎଺𝑥௡

ଷ

+ 105ℎଶ𝑎଻𝑥௡
ଷ + 140ℎଷ𝑎଼𝑥௡

ଷ + 30𝑎଺𝑥௡
ସ + 105ℎ𝑎଻𝑥௡

ସ + 210ℎଶ𝑎଼𝑥௡
ସ + 42𝑎଻𝑥௡

ହ + 168ℎ𝑎଼𝑥௡
ହ + 56𝑎଼𝑥௡

଺       
=  𝑓

௡ା
భ

మ

 

2𝑎ଶ + 6ℎ𝑎ଷ + 12ℎଶ𝑎ସ + 20ℎଷ𝑎ହ + 30ℎସ𝑎଺ + 42ℎହ𝑎଻ + 56ℎ଺𝑎଼ + 6𝑎ଷ𝑥௡ + 24ℎ𝑎ସ𝑥௡ + 60ℎଶ𝑎ହ𝑥௡ + 120ℎଷ𝑎଺𝑥௡

+ 210ℎସ𝑎଻𝑥௡ + 336ℎହ𝑎଼𝑥௡ + 12𝑎ସ𝑥௡
ଶ + 60ℎ𝑎ହ𝑥௡

ଶ + 180ℎଶ𝑎଺𝑥௡
ଶ + 420ℎଷ𝑎଻𝑥௡

ଶ + 840ℎସ𝑎଼𝑥௡
ଶ + 20𝑎ହ𝑥௡

ଷ

+ 120ℎ𝑎଺𝑥௡
ଷ + 420ℎଶ𝑎଻𝑥௡

ଷ + 1120ℎଷ𝑎଼𝑥௡
ଷ + 30𝑎଺𝑥௡

ସ + 210ℎ𝑎଻𝑥௡
ସ + 840ℎଶ𝑎଼𝑥௡

ସ + 42𝑎଻𝑥௡
ହ + 336ℎ𝑎଼𝑥௡

ହ

+ 56𝑎଼𝑥௡
଺       =  𝑓௡ାଵ 

2𝑎ଶ + 9ℎ𝑎ଷ + 27ℎଶ𝑎ସ +
135ℎଷ𝑎ହ

2
+

1215ℎସ𝑎଺

8
+

5103ℎହ𝑎଻

16
+

5103ℎ଺𝑎଼

8
+ 6𝑎ଷ𝑥௡ + 36ℎ𝑎ସ𝑥௡ + 135ℎଶ𝑎ହ𝑥௡ + 405ℎଷ𝑎଺𝑥௡

+
8505

8
ℎସ𝑎଻𝑥௡ +

5103

2
ℎହ𝑎଼𝑥௡ + 12𝑎ସ𝑥௡

ଶ + 90ℎ𝑎ହ𝑥௡
ଶ + 405ℎଶ𝑎଺𝑥௡

ଶ +
2835

2
ℎଷ𝑎଻𝑥௡

ଶ +
8505

2
ℎସ𝑎଼𝑥௡

ଶ

+ 20𝑎ହ𝑥௡
ଷ + 180ℎ𝑎଺𝑥௡

ଷ + 945ℎଶ𝑎଻𝑥௡
ଷ + 3780ℎଷ𝑎଼𝑥௡

ଷ + 30𝑎଺𝑥௡
ସ + 315ℎ𝑎଻𝑥௡

ସ + 1890ℎଶ𝑎଼𝑥௡
ସ + 42𝑎଻𝑥௡

ହ

+ 504ℎ𝑎଼𝑥௡
ହ + 56𝑎଼𝑥௡

଺      =  𝑓
௡ା

య

మ

 

2𝑎ଶ + 12ℎ𝑎ଷ + 48ℎଶ𝑎ସ + 160ℎଷ𝑎ହ + 480ℎସ𝑎଺ + 1344ℎହ𝑎଻ + 3584ℎ଺𝑎଼ + 6𝑎ଷ𝑥௡ + 48ℎ𝑎ସ𝑥௡ + 240ℎଶ𝑎ହ𝑥௡ + 960ℎଷ𝑎଺𝑥௡

+ 3360ℎସ𝑎଻𝑥௡ + 10752ℎହ𝑎଼𝑥௡ + 12𝑎ସ𝑥௡
ଶ + 120ℎ𝑎ହ𝑥௡

ଶ + 720ℎଶ𝑎଺𝑥௡
ଶ + 3360ℎଷ𝑎଻𝑥௡

ଶ + 13440ℎସ𝑎଼𝑥௡
ଶ

+ 20𝑎ହ𝑥௡
ଷ + 240ℎ𝑎଺𝑥௡

ଷ + 1680ℎଶ𝑎଻𝑥௡
ଷ + 8960ℎଷ𝑎଼𝑥௡

ଷ + 30𝑎଺𝑥௡
ସ + 420ℎ𝑎଻𝑥௡

ସ + 3360ℎଶ𝑎଼𝑥௡
ସ + 42𝑎଻𝑥௡

ହ

+ 672ℎ𝑎଼𝑥௡
ହ + 56𝑎଼𝑥௡

଺        =  𝑓௡ାଶ 

2𝑎ଶ + 15ℎ𝑎ଷ + 75ℎଶ𝑎ସ +
625ℎଷ𝑎ହ

2
+

9375ℎସ𝑎଺

8
+

65625ℎହ𝑎଻

16
+

109375ℎ଺𝑎଼

8
+ 6𝑎ଷ𝑥௡ + 60ℎ𝑎ସ𝑥௡ + 375ℎଶ𝑎ହ𝑥௡

+ 1875ℎଷ𝑎଺𝑥௡ +
65625

8
ℎସ𝑎଻𝑥௡ +

65625

2
ℎହ𝑎଼𝑥௡ + 12𝑎ସ𝑥௡

ଶ + 150ℎ𝑎ହ𝑥௡
ଶ + 1125ℎଶ𝑎଺𝑥௡

ଶ +
13125

2
ℎଷ𝑎଻𝑥௡

ଶ

+
65625

2
ℎସ𝑎଼𝑥௡

ଶ + 20𝑎ହ𝑥௡
ଷ + 300ℎ𝑎଺𝑥௡

ଷ + 2625ℎଶ𝑎଻𝑥௡
ଷ + 17500ℎଷ𝑎଼𝑥௡

ଷ + 30𝑎଺𝑥௡
ସ + 525ℎ𝑎଻𝑥௡

ସ

+ 5250ℎଶ𝑎଼𝑥௡
ସ + 42𝑎଻𝑥௡

ହ + 840ℎ𝑎଼𝑥௡
ହ + 56𝑎଼𝑥௡

଺        =  𝑓
௡ା

ఱ

మ

 

2𝑎ଶ + 18ℎ𝑎ଷ + 108ℎଶ𝑎ସ + 540ℎଷ𝑎ହ + 2430ℎସ𝑎଺ + 10206ℎହ𝑎଻ + 40824ℎ଺𝑎଼ + 6𝑎ଷ𝑥௡ + 72ℎ𝑎ସ𝑥௡ + 540ℎଶ𝑎ହ𝑥௡

+ 3240ℎଷ𝑎଺𝑥௡ + 17010ℎସ𝑎଻𝑥௡ + 81648ℎହ𝑎଼𝑥௡ + 12𝑎ସ𝑥௡
ଶ + 180ℎ𝑎ହ𝑥௡

ଶ + 1620ℎଶ𝑎଺𝑥௡
ଶ + 11340ℎଷ𝑎଻𝑥௡

ଶ

+ 68040ℎସ𝑎଼𝑥௡
ଶ + 20𝑎ହ𝑥௡

ଷ + 360ℎ𝑎଺𝑥௡
ଷ + 3780ℎଶ𝑎଻𝑥௡

ଷ + 30240ℎଷ𝑎଼𝑥௡
ଷ + 30𝑎଺𝑥௡

ସ + 630ℎ𝑎଻𝑥௡
ସ

+ 7560ℎଶ𝑎଼𝑥௡
ସ + 42𝑎଻𝑥௡

ହ + 1008ℎ𝑎଼𝑥௡
ହ + 56𝑎଼𝑥௡

଺     =  𝑓௡ାଷ 
 
Noms of the above expansion are collected and presented in matrix form as: 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1 𝑥௡ 𝑥௡

ଶ 𝑥௡
ଷ 𝑥௡

ସ 𝑥௡
ହ 𝑥௡

଺ 𝑥௡
଻ 𝑥௡

଼

1 ൬𝑥௡ +
ℎ

2
൰ ൬𝑥௡ +

ℎ

2
൰

ଶ

൬𝑥௡ +
ℎ

2
൰

ଷ

൬𝑥௡ +
ℎ

2
൰

ସ

൬𝑥௡ +
ℎ

2
൰

ହ

൬𝑥௡ +
ℎ

2
൰

଺

൬𝑥௡ +
ℎ

2
൰

଻

൬𝑥௡ +
ℎ

2
൰

଼

0 0 2 6𝑥௡ 12𝑥௡
ଶ 20𝑥௡

ଷ 30𝑥௡
ସ 42𝑥௡

ହ 56𝑥௡
଺

0 0 2 6(𝑥௡ +
ℎ

2
) 12(𝑥௡ +

ℎ

2
)ଶ 20(𝑥௡ +

ℎ

2
)ଷ 30(𝑥௡ +

ℎ

2
)ସ 42(𝑥௡ +

ℎ

2
)ହ 56(𝑥௡ +

ℎ

2
)଺

0 1 2 6(𝑥௡ + ℎ) 12(𝑥௡ + ℎ)ଶ 20(𝑥௡ + ℎ)ଷ 30(𝑥௡ + ℎ)ସ 42(𝑥௡ + ℎ)ହ 56(𝑥௡ + ℎ)଺

0 1 2 6(𝑥௡ +
3ℎ

2
) 12(𝑥௡ +

3ℎ

2
)ଶ 20(𝑥௡ +

3ℎ

2
)ଷ 30(𝑥௡ +

3ℎ

2
)ସ 42(𝑥௡ +

3ℎ

2
)ହ 56(𝑥௡ +

3ℎ

2
)଺

0 1 2 6(𝑥௡ + 2ℎ) 12(𝑥௡ + 2ℎ)ଶ 20(𝑥௡ + 2ℎ)ଷ 30(𝑥௡ + 2ℎ)ସ 42(𝑥௡ + 2ℎ)ହ 56(𝑥௡ + 2ℎ)଺

0 1 2 6(𝑥௡ +
5ℎ

2
) 12(𝑥௡ +

5ℎ

2
)ଶ 20(𝑥௡ +

5ℎ

2
)ଷ 30(𝑥௡ +

5ℎ

2
)ସ 42(𝑥௡ +

5ℎ

2
)ହ 56(𝑥௡ +

5ℎ

2
)଺

0 1 2 6(𝑥௡ + 3ℎ) 12(𝑥௡ + 3ℎ)ଶ 20(𝑥௡ + 3ℎ)ଷ 30(𝑥௡ + 3ℎ)ସ 42(𝑥௡ + 3ℎ)ହ 56(𝑥௡ + 3ℎ)଺⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑎଴

𝑎ଵ

𝑎ଶ

𝑎ଷ

𝑎ସ

𝑎ହ

𝑎଺

𝑎଻

𝑎଼⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑦௡

𝑦
௡ା

భ

మ

𝑓௡

𝑓
௡ା

భ

మ

𝑓௡ାଵ

𝑓
௡ା

య

మ

𝑓௡ାଶ

𝑓
௡ା

ఱ

మ

𝑓௡ାଷ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

                 (2.6) 

Solving (2.6) using Gaussian elimination method yields: 

𝑦(𝑥) = 𝛼଴𝑦௡ + 𝛼భ

మ

𝑦
௡ା

భ

మ

+ ℎଶ ൤𝛽଴𝑓௡ + 𝛽భ

మ

𝑓
௡ା

భ

మ

+ 𝛽ଵ𝑓௡ାଵ + 𝛽య

మ

𝑓
௡ା

య

మ

+ 𝛽ଶ𝑓௡ାଶ + 𝛽ఱ

మ

𝑓
௡ା

ఱ

మ

+ 𝛽ଷ𝑓௡ାଷ൨       (2.7) 

Where: 
 

 

𝛼଴ = 1 − 2𝑡
𝛼భ

మ

= 2𝑡

𝛽଴ =
ℎమ௧(ିଵାଶ௧)൭ଶ଼ହସଽାଶ௧ቆିଷଵଽଷଵାଶ௧൬ଵ଻ସ଺ଵାଶ௧ቀିହଶ଻ହାଶ௧൫଼ଽଽା଺௧(ିଶ଻ାଶ௧)൯ቁ൰ቇ൱

ଶସଵଽଶ଴

𝛽భ

మ

= −
ℎమ௧ቆଽ଺ଶହା଺ସ(ିସା௧)௧మ൬ଷଵହାଶ ቀିଵ଼ଽା௧൫ଵ଴ହା௧(ିଶ଼ାଷ )൯ቁ൰ቇ

ସ଴ଷଶ଴

𝛽ଵ =
ℎమ௧൭ଵ଻ଵହଵାଷଶ௧మቆି଺ଷ଴଴ା௧൬ଵଶଶ଼ହା௧ቀିଽ଺଼ଵାସ௧൫ଽହଽାହ (ିଷ଼ାଷ )൯ቁ൰ቇ൱

଼଴଺ସ଴

𝛽య

మ

= −
ℎమ௧ቆଵ଴଺ଶଵା଺ସ௧మ൬ିଶଵ଴଴ା௧ቀସସସହାଶ௧൫ିଵଽହଷା௧(଼ସ଻ାଵହ(ିଵଶା௧)௧)൯ቁ൰ቇ

଺଴ସ଼଴

𝛽ଶ =
ℎమ௧൭଻଻଴ଷାଷଶ௧మቆିଷଵହ଴ା௧൬଺ଽଷ଴ା௧ቀି଺ସସ଻ାସ௧൫଻ସଽାହ௧(ିଷସାଷ௧)൯ቁ൰ቇ൱

଼଴଺ସ଴

𝛽ఱ

మ

= −
ℎమ௧൭ଵଶ଴ଽା଺ସ௧మቆିଶହଶା௧൬ହ଺଻ାଶ௧ቀିଶ଻ଷା௧൫ଵଷଷା௧(ିଷଶାଷ௧)൯ቁ൰ቇ൱

ସ଴ଷଶ଴

𝛽ଷ =
ℎమ௧(ଽଽହାଷଶ(ିଷା௧)௧మ(ଵସ଴ା௧(ିଶ଻ଷାସ௧(ହ଺ାଷ(ି଻ା௧)௧))))

ଶସଵଽଶ଴ ⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎫

  (2.8) 

 
𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑛𝑔 𝛼଴(𝑡), 𝛼భ

మ

(𝑡), 𝛽଴(𝑡), 𝛽భ

మ

(𝑡), 𝛽ଵ(𝑡), 𝛽య

మ

(𝑡), 𝛽ଶ(𝑡), 𝛽ఱ

మ

(𝑡),

𝛽ଷ(𝑡)𝑎𝑡 𝑡ℎ𝑒 𝑛𝑜𝑛 − 𝑖𝑛𝑡𝑒𝑟𝑝𝑜𝑙𝑎𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡𝑠 𝑖. 𝑒. 𝑎𝑡 𝑥௡ାଵ ,  𝑥
௡ା

య

మ

,  𝑥௡ାଶ,  𝑥
௡ା

ఱ

మ

,  𝑥௡ାଷ 
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Using the transformation: 
𝑥 = ℎ𝑡 + 𝑥௡                           (2.9) 
Now replace  𝑥  in equation (2.9) with each of the collocating points to obtain the corresponding values of 𝑡 
For  𝑥௡ାଵ 

𝑥௡ + ℎ = ℎ𝑡 + 𝑥௡ ⟹ ℎ = 𝑡ℎ ⟹ 𝑡 = 1 
For  𝑥

௡ା
య

మ

 

𝑥௡ +
3ℎ

2
= ℎ𝑡 + 𝑥௡ ⟹

3ℎ

2
= ℎ𝑡 ⟹ 𝑡 =

3

2
 

 For  𝑥௡ାଶ 
𝑥௡ + 2ℎ = ℎ𝑡 + 𝑥௡ ⟹ 2ℎ = ℎ𝑡 ⟹ 𝑡 = 2 
For  𝑥

௡ା
ఱ

మ

 

𝑥௡ +
5ℎ

2
= ℎ𝑡 + 𝑥௡ ⟹

5ℎ

2
= ℎ𝑡 ⟹ 𝑡 =

5

2
 

For  𝑥௡ାଷ 
𝑥௡ + 3ℎ = ℎ𝑡 + 𝑥௡ ⟹ 3ℎ = ℎ𝑡 ⟹ 𝑡 = 3 

𝑖. 𝑒.  𝑡 = 1,
ଷ

ଶ
, 2,

ହ

ଶ
, 3  produces the following schemes:  

 

𝑦௡ାଵ = −𝑦௡ + 2𝑦భ

మ
ା௡

+
863ℎଶ𝑓௡

48384
+

8999ℎଶ𝑓భ

మ
ା௡

40320
−

769ℎଶ𝑓ଵା௡

80640
+

1987ℎଶ𝑓య

మ
ା௡

60480
−

1609ℎଶ𝑓ଶା௡

80640
+

263ℎଶ𝑓ఱ

మ
ା௡

40320
−

221ℎଶ𝑓ଷା௡

241920

𝑦
௡ା

య

మ

= −2𝑦௡ + 3𝑦భ

మ
ା௡

+
2803ℎଶ𝑓௡

80640
+

1265ℎଶ𝑓భ

మ
ା௡

2688
+

1657ℎଶ𝑓ଵା௡

8960
+

1777ℎଶ𝑓య

మ
ା௡

20160
−

1049ℎଶ𝑓ଶା௡

26880
+

11

896
ℎଶ𝑓ఱ

మ
ା௡

−
137ℎଶ𝑓ଷା௡

80640

𝑦௡ାଶ = −3𝑦௡ + 4𝑦భ

మ
ା௡

+
2089ℎଶ𝑓௡

40320
+

4813ℎଶ𝑓భ

మ
ା௡

6720
+

5461ℎଶ𝑓ଵା௡

13440
+

3457ℎଶ𝑓య

మ
ା௡

10080
−

419ℎଶ𝑓ଶା௡

13440
+

109ℎଶ𝑓ఱ

మ
ା௡

6720
−

19ℎଶ𝑓ଷା௡

8064

𝑦
௡ା

ఱ

మ

= −4𝑦௡ + 5𝑦భ

మ
ା௡

+  
1669ℎଶ𝑓௡

24192
+

3875ℎଶ𝑓భ

మ
ା௡

4032
+

5069ℎଶ𝑓ଵା௡

8064
+

3751ℎଶ𝑓య

మ
ା௡

6048
+

1457ℎଶ𝑓ଶା௡

8064
+

179ℎଶ𝑓ఱ

మ
ା௡

4032
−

95ℎଶ𝑓ଷା௡

24192

𝑦௡ାଷ = −5𝑦௡ + 6𝑦భ

మ
ା௡

+
1375ℎଶ𝑓௡

16128
+

3259ℎଶ𝑓భ

మ
ା௡

2688
+

1489ℎଶ𝑓ଵା௡

1792
+

3751ℎଶ𝑓య

మ
ା௡

4032
+

2059ℎଶ𝑓ଶା௡

5376
+

265

896
ℎଶ𝑓ఱ

మ
ା௡

+
199ℎଶ𝑓ଷା௡

16128 ⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

 (2.10)   

  Differentiating (2.8) 
 
 

 

𝛼଴
′ = −2

𝛼భ

మ

′ = 2

𝛽଴
′ = −

28549ℎଶ

241920
+ ℎଶ𝑡 −

49ℎଶ𝑡ଶ

20
+

406ℎଶ𝑡ଷ

135
−

49ℎଶ𝑡ସ

24
+

7ℎଶ𝑡ହ

9
−

7ℎଶ𝑡଺

45
+

4ℎଶ𝑡଻

315

𝛽భ

మ

′ = −
275ℎଶ

1152
+ 6ℎଶ𝑡ଶ −

58ℎଶ𝑡ଷ

5
+

29ℎଶ𝑡ସ

3
−

62ℎଶ𝑡ହ

15
+

8ℎଶ𝑡଺

9
−

8ℎଶ𝑡଻

105

𝛽ଵ
′ =

5717ℎଶ

26880
−

15ℎଶ𝑡ଶ

2
+

39ℎଶ𝑡ଷ

2
−

461ℎଶ𝑡ସ

24
+

137ℎଶ𝑡ହ

15
−

19ℎଶ𝑡଺

9
+

4ℎଶ𝑡଻

21

𝛽య

మ

′ = −
10621ℎଶ

60480
+

20ℎଶ𝑡ଶ

3
−

508ℎଶ𝑡ଷ

27
+

62ℎଶ𝑡ସ

3
−

484ℎଶ𝑡ହ

45
+

8ℎଶ𝑡଺

3
−

16ℎଶ𝑡଻

63

𝛽ଶ
′ =

7703ℎଶ

80640
−

15ℎଶ𝑡ଶ

4
+ 11ℎଶ𝑡ଷ −

307ℎଶ𝑡ସ

24
+

107ℎଶ𝑡ହ

15
−

17ℎଶ𝑡଺

9
+

4ℎଶ𝑡଻

21

𝛽ఱ

మ

′ = −
403ℎଶ

13440
+

6ℎଶ𝑡ଶ

5
−

18ℎଶ𝑡ଷ

5
+

13ℎଶ𝑡ସ

3
−

38ℎଶ𝑡ହ

15
+

32ℎଶ𝑡଺

45
−

8ℎଶ𝑡଻

105

𝛽ଷ
′ =

199ℎଶ

48384
−
ℎଶ𝑡ଶ

6
+

137ℎଶ𝑡ଷ

270
−

5ℎଶ𝑡ସ

8
+

17ℎଶ𝑡ହ

45
−
ℎଶ𝑡଺

9
+

4ℎଶ𝑡଻

315 ⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎫

 (2.11) 

 

Equation (2.11) is evaluated at all the grid points i.e. at 𝑡 = 0,
ଵ

ଶ
, 1,

ଷ

ଶ
, 2,

ହ

ଶ
, 3 using the derivative of (2.7) i.e.  

ℎ𝑦௡
′ = 𝛼଴

′ 𝑦௡ + 𝛼భ

మ

′ 𝑦
௡ା

భ

మ

+ ℎଶ ൤𝛽଴
′ 𝑓௡ + 𝛽భ

మ

′ 𝑓
௡ା

భ

మ

+ 𝛽ଵ
′ 𝑓௡ାଵ + 𝛽య

మ

′ 𝑓
௡ା

య

మ

+ 𝛽ଶ
′ 𝑓௡ାଶ + 𝛽ఱ

మ

′ 𝑓
௡ା

ఱ

మ

+ 𝛽ଷ
′ 𝑓௡ାଷ൨           (2.12) 
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which gives:  

 

ℎ𝑦௡
′ = −2𝑦௡ + 2𝑦

௡ା
భ

మ

+ ℎଶ ൤−
28549

241920
𝑓௡ −

275

1152
𝑓

௡ା
భ

మ

+
5717

26880
𝑓௡ାଵ −

10621

60480
𝑓

௡ା
య

మ

+
7703

80640
𝑓௡ାଶ −

403

13440
𝑓

௡ା
ఱ

మ

+
199

48384
𝑓௡ାଷ൨

ℎ𝑦
௡ା

భ

మ

′ = −2𝑦௡ + 2𝑦
௡ା

భ

మ

+ ℎଶ ൤
275

6912
𝑓௡ +

12079

40320
𝑓

௡ା
భ

మ

−
13823

80640
𝑓௡ାଵ +

8131

60480
𝑓

௡ା
య

మ

−
5771

80640
𝑓௡ାଶ +

179

8064
𝑓

௡ା
ఱ

మ

−
731

241920
𝑓௡ାଷ൨

ℎ𝑦௡ାଵ
′ = −2𝑦௡ + 2𝑦

௡ା
భ

మ

+ ℎଶ ൤
2633

80640
𝑓௡ +

4091

8064
𝑓

௡ା
భ

మ

+
17503

80640
𝑓௡ାଵ +

1

20160
𝑓

௡ା
య

మ

−
181

16128
𝑓௡ାଶ +

199

40320
𝑓

௡ା
ఱ

మ

−
1

1280
𝑓௡ାଷ൨

ℎ𝑦
௡ା

య

మ

′ = −2𝑦௡ + 2𝑦
௡ା

భ

మ

+ ℎଶ ൤
8441

241920
𝑓௡ +

3907

8064
𝑓

௡ା
భ

మ

+
12683

26880
𝑓௡ାଵ +

3751

12096
𝑓

௡ା
య

మ

−
5419

80640
𝑓௡ାଶ +

7

384
𝑓

௡ା
ఱ

మ

−
571

241920
𝑓௡ାଷ൨

ℎ𝑦௡ାଶ
′ = −2𝑦௡ + 2𝑦

௡ା
భ

మ

+ ℎଶ ൤
8059

241920
𝑓௡ +

20071

40320
𝑓

௡ା
భ

మ

+
6707

16128
𝑓௡ାଵ +

37507

60480
𝑓

௡ା
య

మ

+
2161

11520
𝑓௡ାଶ −

37

8064
𝑓

௡ା
ఱ

మ

−
29

241920
𝑓௡ାଷ൨

ℎ𝑦
௡ା

ఱ

మ

′ = −2𝑦௡ + 2𝑦
௡ା

భ

మ

+ ℎଶ ൤
2867

80640
𝑓௡ +

3875

8064
𝑓

௡ା
భ

మ

+
38401

80640
𝑓௡ାଵ +

1399

2880
𝑓

௡ା
య

మ

+
46453

80640
𝑓௡ାଶ +

8191

40320
𝑓

௡ା
ఱ

మ

−
13

1792
𝑓௡ାଷ൨

ℎ𝑦௡ାଷ
′ = −2𝑦௡ + 2𝑦

௡ା
భ

మ

+ ℎଶ ൤
1375

48384
𝑓௡ +

21479

40320
𝑓

௡ା
భ

మ

+
1187

3840
𝑓௡ାଵ +

48131

60480
𝑓

௡ା
య

మ

+
15479

80640
𝑓௡ାଶ +

1993

2688
𝑓

௡ା
ఱ

మ

+
36419

241920
𝑓௡ାଷ൨

⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎫

 (2.13) 

 Now combining Equation (2.10) and (2.13) gives: 

 

𝑦௡ାଵ − 2𝑦భ

మ
ା௡

= −𝑦௡ +
863ℎଶ𝑓௡

48384
+

8999ℎଶ𝑓భ

మ
ା௡

40320
−

769ℎଶ𝑓ଵା௡

80640
+

1987ℎଶ𝑓య

మ
ା௡

60480
−

1609ℎଶ𝑓ଶା௡

80640
+

263ℎଶ𝑓ఱ

మ
ା௡

40320
−

221ℎଶ𝑓ଷା௡

241920

𝑦
௡ା

య

మ

− 3𝑦భ

మ
ା௡

= −2𝑦௡ +
2803ℎଶ𝑓௡

80640
+

1265ℎଶ𝑓భ

మ
ା௡

2688
+

1657ℎଶ𝑓ଵା௡

8960
+

1777ℎଶ𝑓య

మ
ା௡

20160
−

1049ℎଶ𝑓ଶା௡

26880
+

11

896
ℎଶ𝑓ఱ

మ
ା௡

−
137ℎଶ𝑓ଷା௡

80640

𝑦௡ାଶ − 4𝑦భ

మ
ା௡

= −3𝑦௡ +
2089ℎଶ𝑓௡

40320
+

4813ℎଶ𝑓భ

మ
ା௡

6720
+

5461ℎଶ𝑓ଵା௡

13440
+

3457ℎଶ𝑓య

మ
ା௡

10080
−

419ℎଶ𝑓ଶା௡

13440
+

109ℎଶ𝑓ఱ

మ
ା௡

6720
−

19ℎଶ𝑓ଷା௡

8064

𝑦
௡ା

ఱ

మ

− 5𝑦భ

మ
ା௡

= −4𝑦௡ + 
1669ℎଶ𝑓௡

24192
+

3875ℎଶ𝑓భ

మ
ା௡

4032
+

5069ℎଶ𝑓ଵା௡

8064
+

3751ℎଶ𝑓య

మ
ା௡

6048
+

1457ℎଶ𝑓ଶା௡

8064
+

179ℎଶ𝑓ఱ

మ
ା௡

4032
−

95ℎଶ𝑓ଷା௡

24192

𝑦௡ାଷ − 6𝑦భ

మ
ା௡

= −5𝑦௡ +
1375ℎଶ𝑓௡

16128
+

3259ℎଶ𝑓భ

మ
ା௡

2688
+

1489ℎଶ𝑓ଵା௡

1792
+

3751ℎଶ𝑓య

మ
ା௡

4032
+

2059ℎଶ𝑓ଶା௡

5376
+

265

896
ℎଶ𝑓ఱ

మ
ା௡

+
199ℎଶ𝑓ଷା௡

16128

ℎ𝑦௡
′ − 2𝑦

௡ା
భ

మ

+ 2𝑦௡ = −
28549ℎଶ

241920
𝑓௡ −

275ℎଶ

1152
𝑓

௡ା
భ

మ

+
5717ℎଶ

26880
𝑓௡ାଵ −

10621ℎଶ

60480
𝑓

௡ା
య

మ

+
7703ℎଶ

80640
𝑓௡ାଶ −

403ℎଶ

13440
𝑓

௡ା
ఱ

మ

+
199ℎଶ

48384
𝑓௡ାଷ

ℎ𝑦
௡ା

భ

మ

′ − 2𝑦
௡ା

భ

మ

+ 2𝑦௡ =
275ℎଶ

6912
𝑓௡ +

12079ℎଶ

40320
𝑓

௡ା
భ

మ

−
13823ℎଶ

80640
𝑓௡ାଵ +

8131ℎଶ

60480
𝑓

௡ା
య

మ

−
5771ℎଶ

80640
𝑓௡ାଶ +

179ℎଶ

8064
𝑓

௡ା
ఱ

మ

−
731ℎଶ

241920
𝑓௡ାଷ

ℎ𝑦௡ାଵ
′ − 2𝑦

௡ା
భ

మ

+ 2𝑦௡ =
2633ℎଶ

80640
𝑓௡ +

4091ℎଶ

8064
𝑓

௡ା
భ

మ

+
17503ℎଶ

80640
𝑓௡ାଵ +

ℎଶ

20160
𝑓

௡ା
య

మ

−
181ℎଶ

16128
𝑓௡ାଶ +

199ℎଶ

40320
𝑓

௡ା
ఱ

మ

−
ℎଶ

1280
𝑓௡ାଷ

ℎ𝑦
௡ା

య

మ

′ − 2𝑦
௡ା

భ

మ

+ 2𝑦௡ =
8441ℎଶ

241920
𝑓௡ +

3907ℎଶ

8064
𝑓

௡ା
భ

మ

+
12683ℎଶ

26880
𝑓௡ାଵ +

3751ℎଶ

12096
𝑓

௡ା
య

మ

−
5419ℎଶ

80640
𝑓௡ାଶ +

7ℎଶ

384
𝑓

௡ା
ఱ

మ

−
571ℎଶ

241920
𝑓௡ାଷ

ℎ𝑦௡ାଶ
′ − 2𝑦

௡ା
భ

మ

+ 2𝑦௡ =
8059ℎଶ

241920
𝑓௡ +

20071ℎଶ

40320
𝑓

௡ା
భ

మ

+
6707ℎଶ

16128
𝑓௡ାଵ +

37507ℎଶ

60480
𝑓

௡ା
య

మ

+
2161ℎଶ

11520
𝑓௡ାଶ −

37ℎଶ

8064
𝑓

௡ା
ఱ

మ

−
29ℎଶ

241920
𝑓௡ାଷ

ℎ𝑦
௡ା

ఱ

మ

′ − 2𝑦
௡ା

భ

మ

+ 2𝑦௡ =
2867ℎଶ

80640
𝑓௡ +

3875ℎଶ

8064
𝑓

௡ା
భ

మ

+
38401ℎଶ

80640
𝑓௡ାଵ +

1399ℎଶ

2880
𝑓

௡ା
య

మ

+
46453ℎଶ

80640
𝑓௡ାଶ +

8191ℎଶ

40320
𝑓

௡ା
ఱ

మ

−
13ℎଶ

1792
𝑓௡ାଷ

ℎ𝑦௡ାଷ
′ − 2𝑦

௡ା
భ

మ

+ 2𝑦௡ =
1375ℎଶ

48384
𝑓௡ +

21479ℎଶ

40320
𝑓

௡ା
భ

మ

+
1187ℎଶ

3840
𝑓௡ାଵ +

48131ℎଶ

60480
𝑓

௡ା
య

మ

+
15479ℎଶ

80640
𝑓௡ାଶ +

1993ℎଶ

2688
𝑓

௡ା
ఱ

మ

+
36419ℎଶ

241920
𝑓௡ାଷ⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎫

(2.14) 

Equation (2.14) can be written in block form as:  
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
−2 1 0 0 0 0 0 0 0 0 0 0
−3 0 1 0 0 0 0 0 0 0 0 0
−4 0 0 1 0 0 0 0 0 0 0 0
−5 0 0 0 1 0 0 0 0 0 0 0
−6 0 0 0 0 1 0 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 0 0 0
−2 0 0 0 0 0 ℎ 0 0 0 0 0
−2 0 0 0 0 0 0 ℎ 0 0 0 0
−2 0 0 0 0 0 0 0 ℎ 0 0 0
−2 0 0 0 0 0 0 0 0 ℎ 0 0
−2 0 0 0 0 0 0 0 0 0 ℎ 0
−2 0 0 0 0 0 0 0 0 0 0 ℎ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑦

௡ା
భ

మ

𝑦௡ାଵ

𝑦
௡ା

య

మ

𝑦௡ାଶ

𝑦
௡ା

ఱ

మ

𝑦௡ାଷ

𝑦
௡ା

భ

మ

′

𝑦௡ାଵ
′

𝑦
௡ା

య

మ

′

𝑦௡ାଶ
′

𝑦
௡ା

ఱ

మ

′

𝑦௡ାଷ
′ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
−1 0
−2 0
−3 0
−4 0
−5 0
−2 −ℎ
−2 0
−2 0
−2 0
−2 0
−2 0
−2 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

൤
𝑦௡

𝑦௡
′ ൨ +

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

863ℎଶ

48384
2803ℎଶ

80640
2089ℎଶ

40320
1669ℎଶ

24192
1375ℎଶ

16128

−
28549ℎଶ

241920
275ℎଶ

6912
2633ℎଶ

80640
8441ℎଶ

241920
8059ℎଶ

241920
2867ℎଶ

80640
1375ℎଶ

48384 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

[𝑓௡]
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+ ℎଶ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

8999

40320
−

769

80640

1987

60480
−

1609

80640

263

40320
−

221

241920
1265

2688

1657

8960

1777

20160
−

1049

26880

11

896
−

137

80640
4813

6720

5461

13440

3457

10080
−

419

13440

109

6720
−

19

8064
3875

4032

5069

8064

3751

6048

1457

8064

179

4032
−

95

24192
3259

2688

1489

1792

3751

4032

2059

5376

265

896

199

16128

−
275

1152

5717

26880
−

10621

60480

7703

80640
−

403

13440

199

48384
12079

40320
−

13823

80640

8131

60480
−

5771

80640

179

8064
−

731

241920
4091

8064

17503

80640

1

20160
−

181

16128

199

40320
−

1

1280
3907

8064

12683

26880

3751

12096
−

5419

80640

7

384
−

571

241920
20071

40320

6707

16128

37507

60480

2161

11520
−

37

8064
−

29

241920
3875

8064

38401

80640

1399

2880

46453

80640

8191

40320
−

13

1792
21479

40320

1187

3840

48131

60480

15479

80640

1993

2688

36419

241920 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑓

௡ା
భ

మ

𝑓௡ାଵ

𝑓
௡ା

య

మ

𝑓௡ାଶ

𝑓
௡ା

ఱ

మ

𝑓௡ାଷ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

       (2.15) 

Now let:  

𝐴௩ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
−2 1 0 0 0 0 0 0 0 0 0 0
−3 0 1 0 0 0 0 0 0 0 0 0
−4 0 0 1 0 0 0 0 0 0 0 0
−5 0 0 0 1 0 0 0 0 0 0 0
−6 0 0 0 0 1 0 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 0 0 0
−2 0 0 0 0 0 ℎ 0 0 0 0 0
−2 0 0 0 0 0 0 ℎ 0 0 0 0
−2 0 0 0 0 0 0 0 ℎ 0 0 0
−2 0 0 0 0 0 0 0 0 ℎ 0 0
−2 0 0 0 0 0 0 0 0 0 ℎ 0
−2 0 0 0 0 0 0 0 0 0 0 ℎ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

; 𝐴௫ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
−1 0
−2 0
−3 0
−4 0
−5 0
−2 −ℎ
−2 0
−2 0
−2 0
−2 0
−2 0
−2 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  ;     𝐸௫ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

଼଺ଷℎమ

ସ଼ଷ଼ସ

ଶ଼଴ଷℎమ

଼଴଺ସ଴

ଶ଴଼ଽℎమ

ସ଴ଷଶ଴

ଵ଺଺ଽℎమ

ଶସଵଽଶ

ଵଷ଻ହℎమ

ଵ଺ଵଶ଼

−
ଶ଼ହସଽℎమ

ଶସଵଽଶ଴

ଶ଻ହℎమ

଺ଽଵଶ

ଶ଺ଷଷℎమ

଼଴଺ସ଴

଼ସସଵℎమ

ଶସଵଽଶ଴

଼଴ହଽℎమ

ଶସଵଽଶ଴

ଶ଼଺଻ℎమ

଼଴଺ସ଴

ଵଷ଻ହℎమ

ସ଼ଷ଼ସ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

; 
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𝐸௩ =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

8999

40320
−

769

80640

1987

60480
−

1609

80640

263

40320
−

221

241920
1265

2688

1657

8960

1777

20160
−

1049

26880

11

896
−

137

80640
4813

6720

5461

13440

3457

10080
−

419

13440

109

6720
−

19

8064
3875

4032

5069

8064

3751

6048

1457

8064

179

4032
−

95

24192
3259

2688

1489

1792

3751

4032

2059

5376

265

896

199

16128

−
275

1152

5717

26880
−

10621

60480

7703

80640
−

403

13440

199

48384
12079

40320
−

13823

80640

8131

60480
−

5771

80640

179

8064
−

731

241920
4091

8064

17503

80640

1

20160
−

181

16128

199

40320
−

1

1280
3907

8064

12683

26880

3751

12096
−

5419

80640

7

384
−

571

241920
20071

40320

6707

16128

37507

60480

2161

11520
−

37

8064
−

29

241920
3875

8064

38401

80640

1399

2880

46453

80640

8191

40320
−

13

1792
21479

40320

1187

3840

48131

60480

15479

80640

1993

2688

36419

241920 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
Multiply equation (2.15) by the inverse of 𝑨𝒗 and it yielded: 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑦

௡ା
భ

మ

𝑦௡ାଵ

𝑦
௡ା

య

మ

𝑦௡ାଶ

𝑦
௡ା

ఱ

మ

𝑦௡ାଷ

𝑦
௡ା

భ

మ

′

𝑦௡ାଵ
′

𝑦
௡ା

య

మ

′

𝑦௡ାଶ
′

𝑦
௡ା

ఱ

మ

′

𝑦௡ାଷ
′ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡1

ℎ

ଶ

1 ℎ

1
ଷℎ

ଶ

1 2ℎ

1
ହℎ

ଶ

1 3ℎ
0 1
0 1
0 1
0 1
0 1
0 1 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

൤
𝑦௡

𝑦௡
′ ൨ +

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

ଶ଼ହସଽℎమ

ସ଼ଷ଼ସ଴

ଵ଴ଶ଻ℎమ

଻ହ଺଴

଻ହଽℎమ

ଷହ଼ସ

ଶ଻ଶℎమ

ଽସହ

ଷହଶଶହℎమ

ଽ଺଻଺଼

ଵଶଷℎమ

ଶ଼଴
ଵଽ଴଼଻ℎ

ଵଶ଴ଽ଺଴
ଵଵଷଽℎ

଻ହ଺଴
ଵଷ଻ℎ

଼ଽ଺
ଵସଷℎ

ଽସହ
ଷ଻ଵହℎ

ଶସଵଽଶ
ସଵℎ

ଶ଼଴ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

[𝑓௡] +

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

ଶ଻ହℎమ

ଶଷ଴ସ
−

ହ଻ଵ଻ℎమ

ହଷ଻଺଴

ଵ଴଺ଶଵℎమ

ଵଶ଴ଽ଺଴
−

଻଻଴ଷℎమ

ଵ଺ଵଶ଼଴

ସ଴ଷℎమ

ଶ଺଼଼଴
−

ଵଽଽℎమ

ଽ଺଻଺଼

ଽ଻ℎమ

ଶଵ଴
−

ଶℎమ

ଽ

ଵଽ଻ℎమ

ଽସହ
−

ଽ଻ℎమ

଼ସ଴

ଶଷℎమ

଺ଷ଴
−

ଵଽℎమ

ଷ଻଼଴

ଵସ଼ହℎమ

ଵ଻ଽଶ
−

ଶସ଴ଷℎమ

ଵ଻ଽଶ଴

ସହℎమ

ଵଶ଼
−

ଷଶ଺଻ℎమ

ଵ଻ଽଶ଴

ହଵଷℎమ

଼ଽ଺଴
−

ଵସଵℎమ

ଵ଻ଽଶ଴

ଷ଻଺ℎమ

ଷଵହ
−

ଶℎమ

ଵ଴ହ

଺ହ଺ℎమ

ଽସହ
−

ଶℎమ

ଽ

଼ℎమ

ଵ଴ହ
−

ଶℎమ

ଵ଼ଽ

଼ଷ଻ହℎమ

ହଷ଻଺

ଷଵଶହℎమ

ଷଶଶହ଺

ଶହ଺ଶହℎమ

ଶସଵଽଶ
−

଺ଶହℎమ

ଵ଴଻ହଶ

ଶ଻ହℎమ

ଶଷ଴ସ
−

ଵଷ଻ହℎమ

ଽ଺଻଺଼

ଶ଻ℎమ

ଵସ

ଶ଻ℎమ

ଵସ଴

ହଵℎమ

ଷହ

ଶ଻ℎమ

ଶ଼଴

ଶ଻ℎమ

଻଴
0

ଶ଻ଵଷℎ

ହ଴ସ଴
−

ଵହସ଼଻ℎ

ସ଴ଷଶ଴

ଶଽଷℎ

ଽସହ
−

଺଻ଷ଻ℎ

ସ଴ଷଶ଴

ଶ଺ଷℎ

ହ଴ସ଴
−

଼଺ଷℎ

ଵଶ଴ଽ଺଴
ସ଻ℎ

଺ଷ

ଵଵℎ

ଶହଶ଴

ଵ଺଺ℎ

ଽସହ
−

ଶ଺ଽℎ

ଶହଶ଴

ଵଵℎ

ଷଵହ
−

ଷ଻ℎ

଻ହ଺଴
଼ଵℎ

ଵଵଶ

ଵଵ଺ଵℎ

ସସ଼଴

ଵ଻ℎ

ଷହ
−

଻ଶଽℎ

ସସ଼଴

ଶ଻ℎ

ହ଺଴
−

ଶଽℎ

ସସ଼଴
ଶଷଶℎ

ଷଵହ

଺ସℎ

ଷଵହ

଻ହଶℎ

ଽସହ

ଶଽℎ

ଷଵହ

଼ℎ

ଷଵହ
−

ସℎ

ଽସହ
଻ଶହℎ

ଵ଴଴଼

ଶଵଶହℎ

଼଴଺ସ

ଵଶହℎ

ଵ଼ଽ

ଷ଼଻ହℎ

଼଴଺ସ

ଶଷହℎ

ଵ଴଴଼
−

ଶ଻ହℎ

ଶସଵଽଶ
ଶ଻ℎ

ଷହ

ଶ଻ℎ

ଶ଼଴

ଷସℎ

ଷହ

ଶ଻ℎ

ଶ଼଴

ଶ଻ℎ

ଷହ

ସଵℎ

ଶ଼଴ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑓

௡ା
భ

మ

𝑓௡ାଵ

𝑓
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⎥
⎥
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⎤

            (2.16) 

Expand (2.16) and it yielded:  
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34ℎ

35𝑠
𝑓

௡ା
య

మ

+
27ℎ
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        (2.17) 

Equation (2.17) can be written in block form as: 
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௡ା
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௡ି

ೕ

 మ
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1

𝑠
𝐸𝐹

௡ା
೔

మ

+
1

𝑑
𝑉𝐹
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ೕ

 మ

)  
⎭
⎬

⎫

                                                           (2.18) 

Where ‘d’ and ‘s’ are the stability parameters. 
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𝐼 =

⎣
⎢
⎢
⎢
⎢
⎡
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⎥
⎥
⎥
⎤
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⎢
⎢
⎢
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⎥
⎥
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⎢
⎢
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⎢
⎢
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−

2ℎଶ
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−
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−

19ℎଶ
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−
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−
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−

2ℎଶ
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−
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759ℎଶ

3584

0 0 0 0 0
272ℎଶ

945

0 0 0 0 0
35225ℎଶ
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280 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, 

𝐺 =

⎣
⎢
⎢
⎢
⎢
⎡
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1⎦

⎥
⎥
⎥
⎥
⎤

, 𝑇 =

⎣
⎢
⎢
⎢
⎢
⎡
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1⎦

⎥
⎥
⎥
⎥
⎤

, 𝐸

=
1

𝑠

⎣
⎢
⎢
⎢
⎢
⎢
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where; 𝑖 ∈ [1, 6], 𝑗 ∈ [5, 0] 
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3. ANALYSIS OF THE SECOND DERIVATIVE HYBRID BLOCK METHOD (SDHBM) 
3.1 Order and Error Constant of (SDHBM) 
The order and error constant of the proposed method are determined from the following Truncated Talyor Series Expansion of 
the (SDHBM ) 

 

6031𝑦(ଽ)[𝑥]ℎଽ

464486400
+

18383𝑦(ଵ଴)[𝑥]ℎଵ଴
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+

2013937𝑦(ଵଵ)[𝑥]ℎଵଵ
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+

24225181𝑦(ଵଶ)[𝑥]ℎଵଶ
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+
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+
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+ 𝑂[ℎ]ଵହ
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+
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Equation (3.1) shows that the corresponding scheme is of order 7, 7, 7, 7, 7, 7, 6, 6, 6, 6, 6, 7 with error constants respectively, 
as follows: 

ቂ
଺଴ଷଵ

ସ଺ସସ଼଺ସ଴଴
 ,

ଶଷଷ

଻ଶହ଻଺଴଴
,

ଽ

ଵ଻ଽଶ଴଴
,

ଷଵ

ସହଷ଺଴଴
,

ଵ଺ଶହ

ଵ଼ହ଻ଽସହ଺
 ,

ଽ

଼ଽ଺଴଴
,

ଶ଻ହ

଺ଵଽଷଵହଶ
,

ଵ

ଷ଴ଶସ଴
,

ଽ

ଶଶଽଷ଻଺
,

ଵ

ଷ଴ଶସ଴
,

ଶ଻ହ

଺ଵଽଷଵହଶ
, −

ଽ

଻ଵ଺଼଴଴
ቃ

்

. 

Consistency:  The block method (2.19) is consistent because its order is more than 1.  
 
Zero Stability of (SDHBM):- 
The first characteristic polynomial of (2.19) is:  
𝜌(𝑟) =𝑑𝑒𝑡[ 𝑟𝐼 − 𝐴] 

𝜌(𝑟) = 𝑑𝑒𝑡

⎣
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⎢
⎢
⎢
⎢
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⎢
⎢
⎢
⎢
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𝑟 0 0 0 0 0
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0 0 𝑟 0 0 0
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0 0 0 0 𝑟 0
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⎥
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⎥
⎤

−

⎣
⎢
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⎢
⎢
⎡
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1⎦
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⎥
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⎦
⎥
⎥
⎥
⎥
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⎤

, 

ተ
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𝑟 0 0 0 0 −1
0 𝑟 0 0 0 −1
0 0 𝑟 0 0 −1
0 0 0 𝑟 0 −1
0 0 0 0 𝑟 −1
0 0 0 0 0 𝑟 − 1

ተ

ተ
= (𝑟 − 1)𝑟ହ 

Then,𝜌(𝑟) = (𝑟 − 1)𝑟ହ = 0 means that 𝑟 = 0 𝑜𝑟  𝑟 = 1. 
So, the method is zero stable. 
To investigate the stability region, we considered the Boundary Locus Technique together with the test equation given as: 
𝑦′′ = 𝜆ଶ𝑦 
where 𝜆 ∈ ℂ 
Now from the block method: 
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Test equation is used to transform the above block method to: 
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    (3.2) 

We form a coupled block method from (3.2) as: 
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𝑀(𝑧) = ൦
𝐼 −

𝑧

𝑠
𝐶 0

−
𝑧
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𝐸 𝐼

൪
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൥
𝐴 + 𝑧𝑁 ℎ𝐵

𝑧

ℎ. 𝑑
𝑉 𝐴

൩                           (3.4) 

𝑁𝑜𝑡𝑒: 𝑀𝑎𝑡𝑟𝑖𝑥 𝐴 = 𝑇 𝑎𝑛𝑑 𝐼 = 𝐺 
𝑀(𝑧) is the amplification matrix which is used to obtain the stability plots as follows: 
 



 

Figure1: Stability Region of SDHBM for𝑑 =
Figure1 shows that SDHBM is A(𝛼) stable.  
 
 

Figure.2: Stability Region of SDHBM for𝑑 =
Figure.2 shows that SDHBM is A-stable.   
 

Figure.3: Stability Region of SDHBM for𝑑 =
Figure 3 has shown that SDHBM is stable in a defined region
 
 
 

 
= 0.9;  𝑠 = −1.2 
 

 
= 1; 𝑠 = 1 

 
= −0.78; 𝑠 = −0.06 

is stable in a defined region[−2.5, 0] 
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Numerical Experiment:- 
For experiment, we considered the following problems.  
Problem 4. 1:𝑦′′ = 𝑦′;  𝑦(0) = 0, 𝑦 ′(0) = −1, ℎ =  0.1𝑥𝜖[0, 2] 
Exact solution: 𝑦(𝑥) = 1 −  𝑒௫(Kayode  & Adegboro 2018). 
 
Problem 4.2:𝑦′′ = 𝑥(𝑦′)ଶ, 𝑦(0)  = 1, 𝑦′(0) = 0.5, ℎ = 0.01 , 𝑥𝜖[0, 2] 

Exact solution: 𝑦 = 1 +
ଵ

ଶ
𝑙𝑛 ቀ

ଶା௫

ଶି௫
ቁAdeyeye et al (2017) 

Problem 4.3: 𝑦′′ − 2𝑦ଷ = 0, 𝑦(1) = 1, 𝑦′(1) = −1, ℎ =
ଵ

ଵ଴
,         𝑥𝜖[0, 2] 

Exact solution:𝑦(𝑥) =
ଵ

௫
 Kamarun et al (2023) 

 

 
 
Figure 4. Solution to problem 4.1 
Figure 4. is the solution to problem 4.1 which is solved directly with SDHBM and the result is compared with the exact 
solution and it shows competitiveness.  
 

 
Figure 5 is a solution to problem 4.2 which is solved with SDHBM directly when the method is A-stable and the result closely 
approximate the exact solution. That is, zero error or negligibly small error.   
 

Table 1: Comparison of errors between the proposed scheme and Kamarun et al (2023) 
 

x Error from the proposed 
Method  

Error from Kamarun et al 
(2023) 

  1.10       5.4903e-12 2.810252e-11 
  1.20       1.9997e-11 4.390854e-11 
  1.30       4.0977e-11 2.088394e-08 
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  1.40       6.6200e-11 4.254005e-08 
  1.50       9.5770e-11 6.852856e-08 
  1.60       1.2963e-10 9.633702e-08 
  1.70       1.6674e-10 1.269875e-07 
  1.80       2.0878e-10 1.602706e-07 
  1.90       2.5426e-10 1.966604e-07 
  2.00 3.0476e-10 2.363168e-07 

 
Table 1 Shows the error composition of the proposed method and Kamarun  et al (2023). 
 

 
Figure 6is the error plot of the proposed method and Kamarun et al (2023) 

 
Discussion of Results:-  
The graphical results presented in Figures 4  and 5 for Test Problems 4 and 5, respectively, show that the numerical solutions 
closely overlap with the exact solutions throughout the integration interval. This indicates the high accuracy and consistency of 
the proposed method in approximating the exact solutions.  Furthermore, Table.1 presents the error comparison between the 
proposed method and the method developed by Kamarun et al.(2023) for Test Problem 4.3. The corresponding error plot, 
shown in Figure 6 demonstrates that the proposed method produces smaller errors,  which therefore shows  its efficiency, and 
reliability for solving IVPs in ODEs.The close agreement between both solutions further validates the accuracy and stability of 
the proposed method for solving the considered ordinary differential equations. 
 
Conclusion:- 
We have introduced the Second Derivative Hybrid Block Method (SDHBM) for the direct solution of second-order initial 
value problems in ordinary differential equations. The method was tested on some IVPs, and the results obtained were 
compared with the exact solutions as well as with the error results reported by Kamarun et al. (2023). The comparisons show 
that the proposed method is competitive. These results suggest that the method provides a reliable alternative solver for second-
order IVPs in ODEs, with potential applications to more complex systems arising from real-world problems. 
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